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On Graphical Calculi for Modal Logics

Calculos Graficos para Idgicas modais

Abstract

We present a graphical approach to classical and intuitionistic modal logics,
which provides uniform formalisms for expressing, analysing and comparing
their semantics. This approach uses the flexibility of graphical calculi to express
directly and intuitively the semantics for modal logics. We illustrate the benefits
of these ideas by applying them to some familiar cases of classical and
intuitionistic multi-modal logics.
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Resumo

Apresentamos uma abordagem grdfica para as logicas modais classica e
intuicionista, capaz de fornecer formalismos uniformes para expressar, analisar
e comparar suas respectivas semanticas. Tal abordagem utiliza a flexibilidade
dos cdlculos grdficos para expressar, direta e intuitivamente, a semdntica das
logicas modais. Ilustramos os beneficios dessas ideias aplicando-as a alguns
casos conhecidos de logicas multimodais classica e intuicionista.

Palavras-chave: Logicas modais; logicas modais classicas; logicas modais
intuicionistas; semantica de mundos possiveis; formulagdes graficas; calculus
graficos.
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1. Introduction

We present a graphical approach to modal logics, which provides a flexible and
uniform tool for expressing, analyzing and comparing possible-world
semantics.'

This graphical approach can be regarded as a version of diagrammatic
reasoning, where we can express formulas by diagrams, which can be
manipulated so as to unveil properties (like consequence and satisfiability).
Graphical representations and transformations, having precise syntax and
semantics, give proof methods [F3V 06]. An interesting feature of this graphical
approach is its two-dimensional notation providing pictorial representations that
support visual manipulations [CL 95, CL 96]. These ideas have been adapted to
refutational reasoning [VV 11] and applied to some versions of multi-modal
logics [VVB 14].

Modal logics and graphs are closely connected. Kripke frames can be presented
via directed labeled graphs for the accessibility relation of each modality
[BRV 95]; it is natural to represent that a is related to b via relation r by an r-
arrow from a to b. Intuitionistic modal logic is an interesting subject [FS 81,
PS 86]: there seems to be little consensus on the appropriate approach to its
semantics, as indicated by the diversity of Kripke-like semantics proposed (see
[Ewd 86, Smp 94] and references therein).

We provide graphical calculi, having diagrams as terms and whose rules
transform diagrams, capturing the semantics of the modal operators and
accessibility relations. These calculi provide uniform and flexible formalisms
where one can explore Kripke-like semantics for modal logics: valid formulas,
consequence, etc. We illustrate these ideas by applying them to classical modal
logics [BRV 95] and to versions of intuitionistic modal logics [Smp 94,
Ewd 86].

We will consider a modal language ML, given by 2 sets: PL, of propositional
letters, and RN, of 2-ary relation symbols [CP 08]. Its set ® of formulas is
generated by the following grammar (where p € PL):

1 Previous versions of these ideas have been presented at LSFA conferences [VVB 15, VV 15].
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Negation — is defined as usual: — ¢ abbreviates ¢ — L.
We now introduce informally some basic ideas about our approach to
modalities.” Graphical reasoning involves manipulating diagrams (for formulas).
A graphical language uses nodes to construct sets of arcs. We have two kinds
of arcs: unary and binary. Unary arcs are intended to represent formula satis-
faction: W - - <@ represents that formula @ holds at w. Binary arcs are used
to represent accessibility: u — = v represents that v is r-accessible from u. A
draft is a finite set of nodes and arcs. A page consists of a draft together with a
input node (marked ™).

The next example introduces a graphical approach to consequence.

Example 1.1 (Formula consequence). We can show graphically that <r> y is
a consequence of <r> (WA0) as follows.
(RhS) We represent <r> y by a page and manipulate it, obtaining page R:
s--<my Y g Loy- -y

(LhS) We represent <r> (yA0) by a page and manipulate it, obtaining page S as

follows:
a--—=<(r)(yAB) W i——=v-—<yAB w ﬁ—r:-v:——cl}'
\"B|
(—) We now compare pages R and S:
R Ry -V
11-:::. 11
S I o<y

-
~
b

Y’

2 These and other ideas will be formulated more precisely in Sct. 2: Graphical Reasoning.
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This node translation 1 preserves arcs and input nodes.
We thus have <>y ~* R and <r> (yA0) ~* S with homomorphism n: R — S.

c . c
We use (or overbar) for complementation: w ---— ¢ represents that formula ¢

does not hold at w; note that ¢° is not a formula, we will call it an expression.’
One can also establish consequence by refutation, as the next example illustrates.

Example 1.2 (Satisfiable set). To show graphically that the expression set {<r> p,
(<r> (pAQ)) ¢ } is satisfiable, we present it by the following page Q

(fp>--x--—=(r)(pAq)

1. Page Q converts to the following page Q’

ro.
Pr——¥Y=—3x--+ gLuv__—<p}
~

~

rq

2. From this page Q’ we obtain the natural structure N as follows:*

T
Py ¥ smm X

3. One can see that in N, the identity assignment satisfies the arcs p >--- y and
r
Y= X as well as the arc with complemented expression.
c. . . .
Thus, set {<r>p, (<r> (pAq)) } is satisfied at state x of this structure N.

This example establishes that <r> (pAq) is not a consequence of <r> p.

3 See 2.1: Graphical Languages.

4 We use wiggly arrows for drawing structures.
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2. Graphical Reasoning

We now present graphical reasoning: languages (in 2.1), some concepts and
results (in 2.2) and calculus rules (in 2.3).”

2.1. Graphical Languages

We now introduce graphical languages: syntax and semantics.

A graphical language GL is characterized by two sets of symbols: Sb;, of
unary symbols, and Sb,, of binary symbols. It involves an infinite set Nd of
node names. We will use X, y and z for the first 3 nodes of Nd.

The (mutually recursive) syntax (and intuitive meanings) is as follows.

(E) Expressions: unary symbols t € Sb;, pages, books and their complements
(set of states).

(a) Arcs: unary and binary, with expressions and 2-ary symbols, respectively.

1. pair w | E, drawn w ---c E (w pertains to expression E).”

2. triple u L v, drawn as an L-arrow from u to v (v is L-accessible from u).

(2) A sketch consists of a set of arcs over nodes (restrictions on states).”

(D) A draft is sketch with finite sets of nodes and arcs (restriction on states).

(P) A page consists of a draft with a node marked as input (set of states).

(B) A book is a finite set of pages (set of states).

A sketch X = (N;A) is proper iff N # & (i. e. £ has some node).

We also use single-node pages for expressions: the page of expression E is Pe(E)
= E o---c x*, while the page of expression-pair (E,F) is the page Pp(E,F] =
E o---c x* ---c F° (cf. Examples 1.1 and 1.2, in Sct. 1).

5 For more details see, e. g. [VV 11, VVB 14] and references therein.
6 For the applications to modal logics, in Scts. 3 and 4, Sb1will consist of formulas.
7 We use ‘pertains’ in an intuitive sense, see Example 2.2: Draft and page).

8 Finiteness will be important for effectiveness, but some concepts are natural for sketches.
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The semantics of a graphical language GL is based on frames and models re-
alizing its symbols. A G.-frame & consists of a non-empty set M; together with
a 2-ary relation L® on M, for each binary symbol L € Shs. A GL-structure &
consists of an underlying frame &, with universe M # 0; together with a subset
58 C M, for each unary symbol s € Sby. We set L% =LE forL ¢ Shy.

Example 2.1 (GL-structure). Consider the following diagram:

$)mr @ -mlrvvbi}]_
Lg éL
d C (S

It depicts a @L-structure & having universe M = {a,b,c,d }, underlying frame &,
with relation L® = {(a,d), (a,b), (b,b), (b,c)}, and subset s° = {a,c}.

The next example introduces some semantical ideas.

Example 2.2 (Draft and page). Given the GL-structure S in Example 2.1 (GL-

structure), consider the draftD = s» - -u L v L v L W — — <8 and

the assignment g, given byu — a; v,v' +—+ by w = c. We can visualize this sit-
uation as follows:

D S--—-1u L v L v/ L/fw———cs
5{ gg o ;’g wag
(G] s?aTgTCL ¢
d L

Assignment g satisfies every arc of D.

For instance, assignment g satisfies w - - s since w8 = ¢ € s and g satisfies

u L v since (ug,v&) = (a,b) € LS.

So, g satisfies draft D.
Now, consider page P = (D;u), with underlying draft P = D and input node u.
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State a = u® belongs to the behaviour of page P.
We define behave our as follows.
(P): For a page P, with underlying draft P and input node u, its behaviour is the
set [P]s consisting of the values ug for the assignments g satisfying P. (B): For a
book, we set [B]s:= U{P€EB [P]s}.
Thus, for the empty book { }, [{ }]s = &, and for a singleton book {P}, [{P}]s =
[P]s.

We define the extension [E]s of expression E as follows. For a unary symbol
t € Sbl, it is given by the structure: [t]s := ts. If E is a page or a book, we use its
behaviour: [E] := [E]s. We set [E“]s:= M\ [Els.

Remark 2.1 (Special pages). Consider a GL-structure S with universe M. (\): For
an expression E, [x" ---c E]g = M\ [x" ---c E]s. ("M): For expressions E and F,
[E o--- x* ---c F]g = [x* ---c E]S N [x" ---c F]s. (3): For a label L and an
expression E, a € [x x*-L— y ---c E]g iff, for some b with (a,b) € LS, b € [y" -
—-c EJs.

Corollary 2.1 (Expression pages). For a GL-structure S: [Pe(E)]s = [E]s and
[Pp(E,F]]s = [E]s \ [Fls.
Proof. By Remark 2.1: Special pages.

2.2. Graphical Concepts and Results

We now examine some graphical concepts and results.

We compare sketches by morphisms and pages by homomorphisms. A
morphism is a node mapping that preserves arcs. A homomorphism is a
morphism of underlying drafts that preserves input nodes.

Example 2.3 (Morphism, homomorphism). A morphism p:C-->D is as
follows:

9 Recall that x, y and z are the first 3 nodes of Nd.
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C P ——w W ——y--q
-Vi. -'k J—'. pa —
D - =X — lll T Lw) S ‘( s Y- -
A n A
3 q

So, p is a homomorphism from (C;x’) to (D;u), but not from (C;x’) to (D;x).

We now define covering between pages and books. For pages: Q covers P
(noted P «— Q) iff there is a homomorphism from Q to P. Book H covers page P
(noted P « H) iff some page Q € H covers P. For books: H covers G (noted
G < H) iff H covers every page P € G. (In Example 1.1, S <~ R.)

Note that the empty book { } is covered by any book, and G ={ } whenever
G« {}.

A morphism transfers satisfying assignments by composition (see Fig. 1).

Lemma 2.1 (Transfers). (-->): Given a morphism p : D --> Z, for any assignment
g satisfying X in S, the composite g - u satisfies D in S. («-): If P «— Q, then [P]
< [Qls; if P« H, then [P]s < [H]s; and, if G <~ H, then [G]s < [H]s.

Proof. Clear: (-->) is immediate and yields («).

Figure 1: Satisfying assignment transfer

A =F A
¥ gy
‘e = L
L
G =]

We will use ‘“+’ for addition of arcs (and nodes).

We wish to glue a page Q = (Q; v) onto a node w of a page P = (P; u). For
this purpose, we take a copy Q’ of Q having no node in common with P, and
identify node v’ to w, obtaining page Q”. The glued page P,Q is defined as
(P+Q7;u."

10 For instance, in Example 1.1 (Formula consequence), we have S = PvQ , with the following

pages P :=u*-r— v---cyand Q =w"---c 0.
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The next example introduces conflict by page witness.

Example 2.4 (Page witness). Consider the following draft D:

X—La-)’—h-Z———(E
= K
E},,w_ﬂLvu_qK;qu;ﬁ
K
) ity — x LG L
NoticethatD = D'+ x — - «Q, withdraft D' = x —=Yy —=z - - <E and

page Q = q L. v K, v HLET —~E. Now, draft D' has a copy of

page Q (under morphism given by ur— x; vV'.v" = y; w = ).

We consider two kinds of witness at a node w of a sketch £ = (N;A).
(E) Expression witness: expression E with 1-ary arcs E >--- w ---c E € A.
(P) Page witness: page P = (P; u), for which there is a morphism p : P --> ¥ with
w=u"and w---c P° € A.

The zero objects are as follows. A sketch is zero iff it has a witness. A page
is zero iff its underlying draft is zero. A book is zero iff all its pages are zero. For
instance, page Q’ in Example 1.2 (Satisfiable set) is not zero, and draft D in
Example 2.4 (Page witness) is zero.

Corollary 2.2 (Conflicts). A zero sketch is unsatisfiable. A zero page or book has
empty extension in every model.

Proof. By Lemma 2.1: Transfers.

Remark 2.2 (Finiteness). (i): Given drafts C and D and a function p : Nec — Np,
one can effectively decide whether p is a morphism from C to D. (Z): One can
effectively decide whether a draft, a page or a book is zero. («): One can
effectively decide covering between pages or books.

Example 2.5 (Natural structure). Consider the following page P:
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r 5 5

X =1 - W - ¥ =¥
| P S I
I -{-" I
A ! &
p P ! q
Its natural structure M consists of its positive information, as follows:
K Eey Ly Sy Sy
5 S
L t I
p q
The identity assignment 1 : P — 9 satisfies the arcs of P:
P q
T $ t T EI!
i - I i
" I
P g e x';i Sy
4 § g i %
4 T b ¢ q
b b § 3 ¥
L 4 3 ) ¢
Q& "i T ‘.*fI g ‘f g ;
mn A e U e WSt Ve ¥
{ 1 :
L T ,
P 4

Thus, u is in the behaviour of P in N: u € [P]y.

2.3 Graphical Calculi

A graphical calculus has rules for manipulating expressions. Some rules are
special: the elimination rules hinge on the semantics of the operators, other rules
involve properties of relations. The following rules, however, are general: in
each one of these rules, both sides have the same extension in every structure.

The singleton rules convert a page P to its singleton book { P } and vice-versa
(cf. 2.1). The promotion rule converts an expression E to its page Pe (E) = x* ---
c E (cf. 2.1). The zero erase rule (Z) erases a zero page (cf. 2.2). The alternative

expansion rule (]) expands a page P to the 2-page book { P + w|E,P + W|Ec ).

Corollary 2.3 (Derived conversions). The following shift conversions are
derived.
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(“x ) Fora page with u - — < 'E;_L,.q - <E add arc v - - ~<E.
L L
T
v

() For a page with u - -~ ]—-,.c e add arc v- - —<E.
L | |
¥
M

7

Proof. By rules alternative expansion (|), zero erase (Z) and the singleton rule.
The complement rules eliminate double complement and move complement
inside (as in De Morgan laws). Table 1 gives the 3 complement rules.

Table 1: Complement rules

(%) Eliminate double complement E E
T = = 1 - Ix‘ ~
(0) Convert [ Ei,....Ex } to T e
\_V_J ] En
book
page
= w-—~E;
— W .
(r) Convert 7 pe to :
E; e En N _
w——~<E,
page —_—
book

The structural rules eliminate an arc whose expression is a page (by gluing, cf.
2.2) or a book (cf. 2.1). Table 2 gives the 2 structural rules.

Table 2: Structural rules

(1) Convert P+ w--—<Q to Py Q
Nt
page glued page
(—) Convert P+ w-—-—H to {P+ w———(Q;’QEH}
S— — -
page book
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We often wish to consider restricted frames. We now introduce rules for
capturing some properties of a relation:

(Rf1[L]) For a reflexive relation: expand node w to W ;:I L.

L L

(Tm(L]) For a transitive relation: add u ~ w, when u Ty T Tw,

L
(8xt[L]|) For a symmmetric relation: add u N v,when u~ v,

L
.-L-.
(Aem[L]) For an anti-symmmetric relation: identify nodes u and v with u w - “ V.
L

We will illustrate how these rules are used in 3.2 and 4.1."

It may be convenient to have logical relations like square and diversity
d."” As the meaning of X1 is M x M, we can eliminate it by erasing Xl-arcs. We
do not eliminate 0, but we can handle it by the 2 rules: erase a page with a 0-loop
and expand a page P with nodes u and v to the book {P’,P +u 0 v }, where page
P’ is obtained from P by identifying nodes u and v (see also [VVB 15]).

Remark 2.3 (Graphical calculi). Each graphical calculus is sound and complete
for the corresponding structures. "

In the sequel, we will apply this graphical machinery to modal logics:
classical ones (in Sct. 3) and intuitionistic ones (in Sct. 4), with language ML (cf.
Sct. 1). In each case, we will formulate a graph language where we can represent
formulas by expressions, to be manipulated by appropriate meaning-preserving
elimination rules, so as to establish validity and consequence. We use the
expression pages in 2.1: Graphical Languages. If we can convert Pe(¢°) to the

11 We can also handle irreflexive, serial, dense and confluent relations [VVB 15].
12 We can use these relations for particular modalities (see 3.2: Special Modalities).

13 For more details about graphical calculi see, e. g. [VV 11, VVB 14] and references therein.
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empty book { }, then formula ¢ is valid; otherwise, it is not valid: the natural
construction (as in Example 2.5: Natural structure) will give a counter-model. To
show that formula 0 is a consequence of y, we proceed similarly with page
Pp(y,0]. One can also establish consequence directly by converting Pe(y) and
Pe(0) to books G and H, respectively, with G «— H (cf. Lemma 2.1: Transfers).

3 Classical Modal Logics

We now consider classical modal logics: basic logic (in 3.1) and extensions (in
3.2).

The classical semantics of modal language ML is based on Kripke frames and
models [BRV 95]. A Kripke frame § consists of a non-empty set W, together with
a 2-ary relation r¥ on W, for each relation symbol r € BN. A Kripke model &
consists of an underlying frame &, with universe W +* @; together with a subset
p™ € W, for each propositional letter p € PL. We set r't = r¥, forr € AN,

A Kripke model & with W = {u,v,w,z}, relations = {(u,z),(v,w)} and
§" = {(u,v)}, as well as subsets p™ = {u,w} and q" = {v} can be depicted as:
8

of b
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3.1 Basic Classical Modal Logic

We now consider basic classical modal logic: with unrestricted Kripke frames.

Classical satisfaction of formula ¢ € @ at world u € W of & (noted u 15 @,
or simply u |- @) is recursively defined as follows.

(L) No state satisfies 1 i.e. u | L, foreveryu e W.

(p) Satisfaction of formula p, withp € PL: u |- p iff uep®.
(n) For conjunction: u IF wA® iff ul- yandu |- 6.

(v) For disjunction: u I wv @ iff u |- yoru IF 6.

(=) For—:ulF w—0 iff ulf worul- B, 1 e itis notthe case that
ul- yandu I 6.

(()) For {): u I (r)¢ iff for someve W, such that (u,v) e %, v I ¢.

() For[J: u I+ [r]e iff forevery ve W, such that (u,v) er®, v IF @, ie.
there exists no ve W, such that ur®vand v If* ¢.

Now, a Kripke model & assigns to a formula @ € & the set of worlds satis-
fying it, more precisely ¢* = {u€ W /ulFq@}. Thus, the above satisfaction
conditions can be rewritten as follows (with 5 = WYSL (L L1f = EJ_:H_{:.A]:
(WAB)T = wineh (v (wve)® = yiueh (=) (v— 8)f = (yined),
({inue ((r}:p)ﬂ iff, for some v with urtv,ve o™ () ue ([r]q:-]ﬁ‘ iff, for no v
with urfv, we have v € @&,

We now consider a graphical language GL. with Sb; = & and Sb: = HN. A
Kripke model & gives a structure & for GL. with ¢© = {u € W /ulF5 0}.

Then, we have GL‘-expressions with the appropriate extensions (cf. Remark 2.1:
Special pages and Corollary 2.1: Expression pages).
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(L) For formula 1, we have the empty book { }.
{p) For propositional letter p, we have the single-node page Pe{p) = § - - ~«P.
(~) For conjunction y A 8, we have the single-node page ¥» - - % - - <§.

() For disjunction y v 8, we have the 2-page book { W - - %, %- -0 }.

(—) Fory — 8, we have the complemented single-node page' Yr - —%-- <@ L

((}) For formula {r} ¢, we have the 2-node page X —= Y - - <@,

{[]) For formula [z] g, we have the complemented 2-node page T T

Thus, we can eliminate logical symbols by means of the 6 classical elimination
rules given in Table 3.

Table 3: Classical elimination rules

P+ w--— e {}

P+ w--—<yAD W P+ V¥>---w-—-—<8

P+ w--—<yve W {P+V¥>r--w P+ w--—0}

P+w-—-—y—0 ) P+w-———<|y>r--5x--=<p

P+u--—<(r)¢ W pru—Tav-_ <o new node v

Q)

P+ w-—~<[r]o

Ptw--<|g-Loy--<®

Example 1.1 (Formula consequence) shows that <r> y is a classical consequence
of <r> (yA0).
Some classical derived conversionsare P+ W — — <= ¢ Qp + W- -9
and P+ u--—<[r]o [r'\]x} P+u—Lev-— —~@ (for a new node v).
Example 3.1 (Classical consequence via refutation). We can show graphically

that [r] y is a classical consequence of [r] (y"0) as follows.
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1. Form page P = Pp([z] (y A 8),[r]y] = [z] (WA 0)> - - %~ - <[1]y.
2. We then have the following conversions (cf. Corollary 2.3):

e
=
=]

[z] {w A 8) [](w A 8) p
v v r
I I x——=Y
x @ = 0 i
I
I
I r -
i ¥ u
wlv ooy r|
\-\_\‘,_#
2 Wy
X X
J( /"£
Y s—L-y
7 ¥
I |
L L
-:}U..] u ‘.f.,} u
r r
¥ . L —
W - - W- - —— <y
- I“".\
- AN
Twne § Ty
P

3. Page P’ has a conflict (at w) and is erased by rule (Z) (cf. 2.3).

3.2 Special Modalities

We now consider some classical modal logics with restricted frames. For these
cases, we use rules such as those in 2.3: Graphical Calculi.
The next example illustrates how the transitive rule is used.
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Example 3.2 (Transitive consequence). We can show graphically that <r> ¢ is an
r-transitive consequence of <r> <r> ¢ as follows.

r

(RhS) For{r)y: Be({tho)= % - - {0 convertstopage R =% b
fcf. Example 1.1: Formula consequence).
(S) Similarly: % - - <l e N §-tey-Tez-o- <9,
M, e’ * - "
Pe({r) {r) 0) T

Notice that there is no homomorphism from R 1o T.

(LKS') We can apply transitivity (Tr[t]) (¢f 2.3) to T as follows:

(Trm/r])

- T o I r
T=%—>Y—>2--<¢ i

y—=2--<9 =T

r

(«—) We now have a homomorphism from R to T':

r
T T
R X z--—-<9
4 r r
T X YT T -~
\‘—-._._,_.-—-"‘/
r

Thus, {r) @ is an r-transitive consequence of (r) {r) .

We can also show graphically that <r> ¢ is an r-reflexive consequence of ¢
(by means of the reflexive rule Rd[r] in 2.3).

Some interesting modalities are the universal one and difference: u satisfies
E ¢ iff, for some world v € W, v satisfies ¢ and u satisfies D ¢ iff, for some
world v e W with u#v, v satisfies ¢ [BRV 95]. We can handle them by the
special relations in 2.3 (Graphical Calculi): it suffices to define E ¢ := <XI> ¢
and D ¢ := <0> ¢. Then, we can show graphically that E ¢ is a consequence of ¢
and that D ¢ is a consequence of —~¢ A <r> @.
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A classical graphical calculus consists of the general graphical calculus rules
(in 2.3: Graphical Calculi) together with the 6 classical elimination rules (in
Table 3), extended by rules for properties of some relations. We thus have
graphical calculi for classical modal logics like K, T, etc. [BRV 95]

Theorem 3.1 (Classical graphical calculi). Each classical graphical calculus is
sound and complete for the corresponding models.
Proof. By Remark 2.3: Graphical calculi.

4 Intuitionistic Modal Logics

We now consider intuitionistic modal logics: flat (in 4.1) and graded (in 4.2).

4.1 Flat Semantics

We first examine flat semantics for intuitionistic modal logic, as in [Smp 94].

The flat semantics of modal language ML is based on flat frames and models.
A flat frame TR consists of a non-empty set W; together with a 2-ary relation b
on W, for each relation symbol r € BN, and a special 2-ary relation < on W. A flar
model € consists of an underlying frame &, with universe W # 0; together with a
subset p* € W, for each propositional letter p € FL. We set r& = ¥, for r € BN

A flat model € with W = {u,v,w, z} relation 1* = {(u.z),(v,w)}, special
relation <= {{u,v),(z,w)}, and subsets pt = {u_w} and g% = {\.r] is asfollows

| Jr

Zme(p

<

Flat satisfaction of formula @ € & at world u € W of € (noted u I-¢ ¢, or
simply u |- @) is recursively defined as follows,
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(o) For L, p, A, and {}: as in classical modal logic (cf. 3.1).

(=) For—:ulFy—06 iff foreveryv >u,ifv |-y, thenv -8, ie
there exists nov > u such thatv |- yandv ¥ 6.

() u ¢ [rflo iff forallv,weW:ifv>uand (v.w)er®thenw IF @, ie
there are no v, w £ W such thmugu,vr'zwandw P

A flat model € assigns to a formula ¢ € & the set of worlds satisfying it, 1. e.
u:pCE = {ueW/ulF¢ p}. So, we can proceed as in classicjill modal logic (cf. 3.1),
and rewrite these satisfaction conditions as follows (with S = W' 5). 1, A,V and

{) are as before. (—): u € (y — 8)% iff thereexistsnov = u withv € wEnee.
(rue {[r]q:-le iff there are no v,w € W with vr®w and w € 8%,

To reason graphically about flat semantics with a symbol wc for <, we
consider a graphical language GL;with *b; := ® and b, := RN U{wc}." We
draw wc-arrows simply as —. Then, we have GLgexpressions with the
appropriate extensions (cf. Remark 2.1: Special pages).

{s) For L,y A8,y Band {r) g, we have expressions as before (cf. 3.1).

(—) For conditional formula y — 8, we have the complemented 2-node page

Al
F O
5
r
([} For [r] @, we have the complemented 3-node page| 3 YT Yz -

Thus, we can eliminate logical symbols by flat elimination rules. The
elimination rules for L, p, A, v and () are as in Table 3 (Classical elimination
rules); those for — and [ ] appear in Table 4.

14 A flat model C gives a GL -structure S with g := (PC and we S =<,
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Table 4: Flat elimination rules for — and []

<V
(—) ~ -
P+ w--—<w—0 ~ P4+ w--=< xh_,)’xx
<5
Prw--=rle ¥ Prw--—|._ BESN =
XY Z--+9
Table 5 shows some flat derived conversions.
Table 5: Flat derived conversions
P+w-—-—<¢ 2 P+w774"£wy———c¢>‘
P+ w-—-——«77@ ~ P+ WwW--—|3 y———r‘g Y**‘(lp‘
PLru-—-—=—¢ (T} PL V- x__Y¥- <9 new node v
Pru—-<yoo =) Pru___ve - <y new node v
xTﬁ
(=) I,
P+ W———Cﬁ(r}lp ~ P4+ w--—< ’x'-wy A—
iy r
P+ u-—-—~—(r)¢ % P+u VT T w -0 new nodes v,w
T r
P+ u-—- <[] ('[‘*) P+ u v W———~0Q new nodes v,w
P+u--—< (ﬂ} P+u ! . v !—— =@ new nodesu’,v,v
_‘[r}(P - u — eV (] 2V
s——~rlwne) Wy ——z/"£""y Tlr——x-—-< % y’l'\z———(_
Yo -~X X o 7]

Example 4.1 (Flat derivations). Formula — (r) L is flat valid and [r] y is a flat
consequence of [r] (y"0). We use the derived conversions in Table 5.
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1. For page Pe(—(r) L), we have the flat derivation:

T r
= ——— L
-1 Vg y z--<1 W {}

2. For Pp{[z] (wn8), [r]w], we have the flat derivation:

na Y
) [f] (wne) f[ri{‘ll-f )
T 7 T
~a {n e Y z
[r]w L
E‘.f'
{[1m) Y r R R . -
! N NI Eabe Sl I SIS Sz
|
T '
"PJ" - _.zj_z'

The resulting page Q is zero: page Q has as witness ai node X the page

'y P
m___ 'Zh}r '-ZJ [ }.

- % (under morphism X — X, y— ¥, 2—2). S0, Q ~

Thus, = () L is flat valid and [z is a flat consequence of [r] (w7 0).

A PO frame is a flat frame R where special relation < is a partial order on W.
To reason about PO frames and models, we add the 3 rules: (Rfl[wc]),
(Asm[wc]) and (Trn[wc]) (cf. 2.3: Graphical Calculi).

A sketch, or page, of GL; is wc-reduced iff u=v, whenever it has arcs
u<v. Every GLrlel_ge can be contracted to a wec-reduced page.

For instance, page i ‘k_; v- — <P is not we-reduced, but it contracts to the
r

T

4
we-reduced W - — <P,

A

O que nos faz pensar, Rio de Janeiro, v.25, n.39, p.157-191, jul.-dez. 2016

177



178

Paulo A. S. Veloso e Sheila R. M. Veloso

The natural construction (cf. Example 2.5: Natural structure) applied to a
proper GL-sketch X (cf. 2.1: Graphical Languages) gives a flat model N[X].

We can use this to show non-validity, as the next example illustrates.
Example 4.2 (Non PO validity). Formula —(rhp — [z] —p is not PO valid,
1. We start with page Pe(~(r)p — [r]-p) = X - - <~ {r)p — [r]=p-

2. We can convert this page P to the following page Q

I

. - "
X - ¥ Z- - P

I
—

v W L Z- = =P

-
X u_ -

by rules (=), (—{}) and (= {}) (cf. Table 5).

3. Now, by the PO rules (Rfl[wc|), (Asm[wc]) and (Tm[we]) , we can convert
page Q to the following page R:

T
Yoo Tzo - P

Ir
i

Z- - <P

. Ty T tw
Oy D

Note that page R is we-reduced and has no conflict.
Page R gives natural model MR] (¢f. Example 2.5: Natural structure) as follows:

= = = =
o~ 0= i 2 T i
- :‘\"“Xl\_““——u-\,\q;u_ﬁ,-ﬁ”" v w '\—'\u::_-u‘!" Z (P
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Notice that N[R] is a PO frame. We can also see that the identity assignment
1 : R —> N[R] satisfies the arcs of R. Thus, N[R] is a PO model where, at world
x, formula ~(r)p — [r]—p does not hold.

To have monotonicity of satisfaction, one restricts PO models to birelational

models by imposing 3 extra requirements, for each p € PL and r € RN (cf.

[Smp 94]).

(P) If uep® and u < ', then v €p®.

(F1) S‘s:

v

)<

for some v € W.

r *
rt‘:
¢
u e ' u
1 ;
(F2) } < = =t for some u* € W.
! * )
rt‘,‘

To reason graphically about birelational models, we add the following 3
birelational rules, for each propositional letter p € PL and relation symbol
r € RN.

(p) Contractpage P+ P> - -u__ __u' - - <P to the empty book { }.

r r

(F1) Expand P + u”T TV P+ u”
r\mva,d.ﬁ/

r
(F2) ExpandP+ u™™ ~v v toP+ u v

Then, we can derive the following birelational formula transfer conversion: P
+@o—Ccu—-u ~*Pt+po—cu—ou —cq. "

15 By expansion rule (|): case (r) ¢ follows from (F1) and case [r] ¢ follows from (Trn[wc])
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Example 4.3 (Birelational consequence). We can show graphically that — ¢ is a
birelational consequence of ¢ as follows.

1. We begin with page PBo{p,——@| = ©» - - ¥ - - <=~ and convert it, by
(==) (cf Table 5), toP= Q> - -X __ _Z--~< 3 R Ay

-

2. By reflexivity (RfL[wc]), page P expands to the following page Q:

— s X

N

3. Now, transfer formula @ from x io 2 to obtain page R as follows:

0>

B

L]
]

-
L
B

\
1]
¥

Page R is zero: it has as witness at node z the page § —= Y —— <@ {under
morphism x,y — z). So, R ‘2 iL
We can show the birelational validity of the following formulas (cf. [Smp 94,
p.51,52]):  [1] (y—=0) = ([rly—[1]0),  [r] (y—=0) = (Hy—r)6), ()L,
() (Yv0) = (DY V(0), (y—[1]0) = [1](y—0) and ~r)o — [1]-¢."
Example 4.4 (Non birelational consequence). We can show that p is not a
birelational consequence of = p as follows. We have the following conversions:

O b BN . PO

(ReL[wc]) _}__Q_ R ()
~" P XTm R Y| R Y -—=P ~

16 In fact, formula —~(r) L is flat valid, cf. Example 4.1: Flat derivations.
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¥ ——— (Raw)

Pr-—-————— ¥ - —— —| = o .
S e [N R e

Oy
p—--Y
< <
Page Q is not zero, and gives the natural model M[Q] = {:}w:wly (P

Notice that model M|Q)] is birelarional. We can also see that the identity assign-
ment 1: Q — N[Q] satisfies the arcs of Q. Thus, N[Q] is a birelational model
where, at world x, ——p holds but p does not hold. b

The special binary relation < of a flat structure may be symmetric. For such
cases, we use the rule (Smt[wc]) (cf. 2.3: Graphical Calculi). We can thus show
graphically that ¢ is a symmetric birelational consequence of = ¢. We can
similarly show that ¢ v —¢ is valid in symmetric birelational structures.

We have a hierarchy of flat graphical calculi: the flat graphical calculus consists
of the general graphical calculus rules (in 2.3: Graphical Calculi) together with

the flat elimination rules, which can be extended by the rules for PO, birelational
and symmetry.

Theorem 4.1 (Flat graphical calculi). Each flat graphical calculus is sound and
complete for the corresponding models.
Proof. By Remark 2.3: Graphical calculi.

4.2 Graded Semantics

We now examine graded semantics for intuitionistic modal logic. The
motivation comes from decoupling objects and stages, much as in [Ewd 86].
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The graded semantics of modal language M. is based on graded frames and
models. A graded frame J consists of a non-empty subset Ay C A = I (where
A and [ are non-empty sets); topether with a 2-ary relation r* on A, for each
relation symbol r € BN, and a special 2-ary relation = on [. A graded model ©
consists of an underlying frame ©, with universe A, # 0; together with a subset
p® C A,, for each propositional letter p € FL. We set r¥ == rZ, for r € AN, We
will also consider some restrictions as in 4.1: Flat Semantics.

Consider the following pair of diagrams:

(3
) ¢

These diagrams represent a graded model © with sets A = {a, b}, I = {i,j,k} and
A ={ (":) ,(?) . (?). (?) , (z) }, special relation == {(i,j) }, relation
r? with (?) ® (?) and (?) o (?), and subset p¥ = { (f) ; (?) }

Graded satisfaction of formula @ € @ at state ( t:J € A, of © (which we note

i~ k

e
-

(f) l~5 @, or simply (T) I @ is recursively defined as follows.

() L,p, A,V and {), as before (cf. 3.1 and 4.1), withu = (‘:)

(—) (f) - w— 8 iff foreveryj > i, if(}?) |-, then (;‘) -8, ie.

there exists no j = i such that [?) I y and (?) |+ 8.

O que nos faz pensar, Rio de Janeiro, v.25, n.39, p.157-191, jul.-dez. 2016



On Graphical Calculi for Modal Logics 183

(M (f) I x|o iff forallj > i beA:if (j}) ® G’) then (j’) - o,

i.e. therearenoj = iand b € A such that (?) r? (?) and (?) ¥ .

A graded model D assigns to a formula ¢ € & the set of states satisfying it:
0° = {(a,i) € Ax /(a,i) Fp ©}. So, proceeding as in 3.1 and 4.1, we can rewrite
these satisfaction conditions as follows (with S = A, 4 5). 1, A, v and () are as

before (now with u = (a,i)). (—) :: € (w — 8)° iff thereisnoj > isuch

that (?) ey?n 9o. )3 (f) € ('_r]m}ﬂ iff therearenoj = fand b € A such

o () () ()

We wish to express these extensions in an appropriate graphical language.
For this purpose, we first introduce a binary relation < on A, by (‘:) < (?)
iff i #j. We now consider symbols sc (for <€) and eo (with intended meaning
(a,f)eo(b,j) iff @ = b) and, then, a graphical language GL; with Sb; == & and
Sby = BNU {wc,e0}. We draw sc-arrows as —— and eo-arTows as -,

Then, we have GLz-expressions with the appropriate extensions (cf. Remark 2.1:
Special pages).

{e) For L, w A 8, w08 and {r)q, we have the previous expressions (cf. 3.1:
Basic Classical Modal Logic, and 4.1: Flat Semantics).

{(—) For conditional formula y — 8, we have the complemented 2-node page

X

r
([]) For [r]@, we have the complemented 3-node page| < ; Yy Yz - -

O que nos faz pensar, Rio de Janeiro, v.25, n.39, p.157-191, jul.-dez. 2016



184

Paulo A. S. Veloso e Sheila R. M. Veloso

So, we can eliminate logical symbols by graded elimination rules. The
elimination rules for L, p, A, v and () are as in in Table 3 (Classical elimination
rules); those for — and [ ] appear in Table 6.

Table 6: Graded elimination rules for — and ||

Pl

(=) a -

Prw--wy—8 ~ P+w-- ¥_ ’}'k
N
P+ w-— <[]y w P+ w-———| . ”
x. Y - -y

S0, we also have derived graded conversions as those in 4.1: Flat Semantics

(ct. Table 5: Flat derived conversions), with _; inlisuof ——= ;e g

'f] T
P+w-——-«<"9 ~ P+w--—| 3 SY- -

Also, the intended meanings of eo and = lead to some operational rules as
follows (cf. 2.3: Graphical Calculi). For eo: (Rfl[eo]), (Smt[eo]) and {Tm[eo]).

For partial order =, we have (Rfl[sc]), (Asu[sc]), (Tmlsc]), and the rule identifying
nodes u and v such that u > v. For a symmetric =, we use Sut[sc].

As in 4.1 (Flat Semantics), we also consider growing models."”

17 Notice that these conditions are simpler and more intuitive than those in 4.1.
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A growing graded model is a PO graded model © with growing universes, pred-
icates and relations. For i =j € I! if (a.i) € A, then (a,j) € A,; if (a,i) € p*
then (a.j) € p© and if (a,i)r” (b,i) then {a.j)r™ (b.j). For the growing graded
conditions, we have the following 3 growing graded rules.

For domain: given u ___ Vv ,add u _ _:, u* Vv (withnew node u®).
For p € PL: erase any page with P> - —u _ _;v— - <P .

' r i
For r € BN: given g 1 vy = yadd U ---1_-7-‘-” .

Then, we can derive ﬂl‘g_grawing formu rajfi?s:nsfer (cf. 4.1: Flat Semantics):
. PO (-} - ;
P-:—'«p.-——u___r‘r' NP-&'-P)———U___,.V———\'-P.

We can establish validity and consequence as in 4.1 (Flat Semantics), with
Y
. .= in lieu of — . We can show that [r] v is a graded consequence of

[r] (y"0) as in Example 4.1 (Flat derivations), that = ¢ is a growing graded
consequence of ¢ as in Example 4.3 (Birelational consequence), and also that ¢
is a symmetric growing graded consequence of — ¢."®
We can also establish non-consequence much as in 4.1 (Flat Semantics), even
though the natural construction is now more involved, as it involves quotients.
The next example illustrates the main ideas."

To see that p is not a growing graded consequence of < - p, we proceed as in
Example 4.4 (Non birelational consequence), with > in liew of — , as
well as (Rf1[sc]), (Rfl[eo|) and (3ot [eo]). We obtain the following final page Q":

18 Symmetric growing graded structures have constant universes, predicates and relations.

19 For details, see [VV 15].
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i
- -~ A
Pr--—sx---=<|= < |= oL ‘
e I F T
b
e
FERN

The positive part D of Q" and corresponding natural model D are:

<
ik _ f'_HF
. ?Ek M=l < ([ g [x] )
A JPAE 2
- T
Pr==T" Ke<ble Do (Y] )

Notice that model D is growing graded.

We see that the natural assignment h satisties dratt D in model © as tollows:

We can also see that the natural assignment h satisfies draft Q' in model D.

We have a hierarchy of graded graphical calculi: the graded graphical calculus
consists of the general graphical calculus rules (in 2.3: Graphical Calculi)
together with the graded elimination rules and operational rules for eo, which
can be extended by the PO, growing and symmetry rules.
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Theorem 4.2 (Graded graphical calculi). Each graded graphical calculus is sound
and complete for the corresponding models.

Proof. By Remark 2.3: Graphical calculi.

5 Comparison of Modal Logics

We now consider classical, flat and graded modal logics: the first two (in 5.1)
and the other two (in 5.2); they have similar semantics for L, p, A, v and (). We
will compare these modal logics graphically by means of the graph languages
GLc (in 3.1: Basic Classical Modal Logic), GLf (in 4.1: Flat Semantics) and
GLg (in 4.2: Graded Semantics).

5.1 Classical and Flat Modal Logics

We now compare graphically classical and flat modal logics. The result is not
unexpected, but the development will serve to introduce the method to be used in
5.2.

Table 7 shows some formula representations in classical and flat semantics;
other formulas have the same representations (cf. 3.1 and 4.1).

Table 7: Classical and flat representations for — and []

Formula Classical Flat
ra V¥
v 0 %2 X Y:
AL g
(x) XXy <9 f YT
e X —= — X y Z-——Q
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Consider the transformation FtCl: identify nodes u and v that are wc connected,
i. e. such that u — v . It transforms formula representations from flat to classical
semantics (cf. Table 7).

Remark 5.1 (Flat and classical rules). The transformation FtCl maps flat rules to
classical rules.

GL.-expression F is associated to GLgexpression E (noted E = F) iff F is
the result of applying FtCl to E. For derivations: Fy,...,F,, in GL,, is associated to
Ei, ... ,E,inGLy iff E;= F;, fori=1,...,n.

Lemma 5.1 (Flat and classical derivations). Every flat GLderivation IThas an
associated classical GL.-derivation IT..
Proof. By Remark 5.1: Flat and classical rules.

Proposition 5.1 (Flat and classical formulas). If a modal formula ¢ is flat (PO or
birelational) derivable, then ¢ is classically derivable.
Proof. By Lemma 5.1: Flat and classical derivations.

We now apply completeness of the classical and flat graphical calculi.

Theorem 5.1 (Flat and classical semantics). If a modal formula ¢ is flat (PO or
birelational) valid, then ¢ is classically valid.

Proof. By Proposition 5.1 (Flat and classical formulas) and Theorems 3.1
(Classical graphical calculi) and 4.1 (Flat graphical calculi).

5.2 Flat and Graded Modal Logics

We now compare graphically flat and graded modal logics.
Table 8 shows some formula representations in flat and graded semantics;
other formulas have the same representations (cf. 4.1 and 4.2).
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Table 8: Flat and graded representations for — and []

Formula Flat Graded
ra yad
R - - -
v—8 X YT Y.
g xrﬁ
(x) s y et
r — _—— ~ =
¢ XY Z———<Q x_ Y z ~Q

Consider the replacement FtGr of wc by sc and eo. It transforms formula
representations from flat to graded semantics (cf. Table 8). A GL,-expression is
neat iff sc and eo occur only in parallel arcs. A GL,-derivation is neat iff it
consists of neat expressions.

Remark 5.2 (Graded and flat rules). The expressions in graded rules are neat.
The replacement FtGr transforms flat rules to graded rules and vice-versa.

GL,-expression F is similar to GL-expression E (noted E = F) iff F is the
result of applying FtGr to E. For derivations: Fy,...,F,, in GL,, is similar to E, . .
.,En, in GLy, iff ;= F;, fori=1,...,n.

Lemma 5.2 (Flat and graded derivations). (—) Every flat GLderivation IT;
has a neat graded GL,-derivation I1, similar to it, so that I, is PO or growing if
I is PO or birelational. («—) Every neat graded GL,-derivation I1, is similar to a
flat GL¢-derivation I1¢(which is PO or birelational if I1, is PO or growing).

Proof. By Remark 5.2: Graded and flat rules.

Proposition 5.2 (Flat and graded formulas). A modal formula ¢ is flat (PO or
birelational) derivable iff ¢ is graded (PO or growing) derivable.
Proof. By Lemma 5.2: Flat and graded derivations.

Theorem 5.2 (Flat and graded semantics). The same modal formulas hold in flat
(PO or birelational) and graded (PO or growing) structures.

Proof. By Proposition 5.2 (Flat and graded formulas) and Theorems 4.1 (Flat
graphical calculi) and 4.2 (Graded graphical calculi).
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6 Concluding Remarks

We have presented a flexible and uniform graphical approach to pictorial
formalisms for multi-modal logics where one can express, analyse and compare
possible-world semantics, validities and consequences.

Our approach explores the flexibility of graph calculi [VV 11, VVB 14] to
express directly and graphically Kripke-like semantics of modal logics. This
approach is uniform: once we have expressed the semantics (including properties
of relations), we employ the corresponding (sound and complete) graph-
calculus.

We have illustrated these ideas by applying them to some classical and
intuitionistic modal logics (in Scts. 3: Classical Modal Logics and 4:
Intuitionistic Modal Logics), which we have compared (in Sct. 5: Comparison of
Modal Logics). We can also consider some variants as in [Smp94] (see [VV 15])
and some operations on relations (see [VVB 14, VVB 15]).

We thus have a flexible and uniform approach for constructing rigourous and
intuitive formalism for analysis and visual exploration of multi-modal logics.
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